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Abstract-The new theory of shock dynamics gives a system of n + 2 equations, the solution of 
which determines the propagation of a discontinuity in the initial condition. For the model equation 
it + u uz = 0, the long time behaviour of the solution is investigated for various confined initial data. 
The suitability of using Pad6 approximants for the solution is examined. Special exact solutions are 
obtained. 
1. INTRODUCTION 
A new theory as well as a constructive method for finding the successive position of a shock 
was suggested by Ravindran and Prasad [l]. The compatibility conditions across a shock derived 
from this theory provide an extremely efficient system of equations to solve the shock propagation 
problem. Let us consider a system of n + 2 equations arising out of the New Theory of Shock 
Dynamics (NTSD): 
dX 
1 (uo + W), 
dt=2 
duo 
- -1 (z&J - z&.) 211, 
dt- 2 
dvi 
dt= 
-T (UIJ - u,) wi+1 - F $ ?-‘j ?Ji-j+1, i= 
3=1 
dun n+l 7l 
x = -- 2 $j vn-j+1, c 
given u,. and initial conditions 
1,2,3,. . . ) (n - 
(1.1) 
0.2) 
1L (1.3) 
0.4) 
X(0) = x0; Q(O) = Ulo; Vi(O) = Go, i= 1,2,3 ,..., n. (14 
This system is obtained by truncation of the infinite system of compatibility conditions by setting 
v,+l = 0. The infinite system is associated with the propagation of a shock governed by the 
model equation 
ut+uuz=O; (z, 4 E R x R+, (1.6) 
with initial condition 
4270) = 4(z); 2 E Iw, (1.7) 
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where #J(Z) has a jump discontinuity of magnitude ~00 - U, at 2 = X0 and l/i! $$lZ=xO = ~0, 
i = 1,2,3,... , n. Equation (1.1) is the Rankine-Hugoniot condition across the shock and the 
equations (l.l)-(1.4) with (1.5) determine the shock position X(t), the shock strength uo(t) and 
the spatial derivatives vi z Ui/i! where ui = $$ 
2=x(t). 
Without loss of generality, we assume 
that the state ahead of the shock u,. is zero here. 
Since the right-hand side of (1 .l)-(1.4) are Lipschitz continuous at any point in 
(X,~o,W,... ,v,) space, a unique solution of (l.l)-(1.5) exists on a interval (0,T) [1,2]. More- 
over, it has been proved in [l] that for small t, this solution tends to the unique solution of the 
infinite system as n + co. It is of interest to investigate the existence of the solution for all time 
t > 0 and to examine whether it approaches the asymptotic solution of the initial value problem 
(1.6),(1.7) when 4 has compact support [3]. 
2. STUDY OF LONG TIME BEHAVIOUR 
In this section, the long time behaviour of the NTSD system (1.2)-(1.5) is studied for various 
initial data. 
2.1. Dissipative Nature 
The variation of volume R(uo, ~1, ‘~2, . . . , v,) of a small region in phase space, as each point in 
the region is displaced in accordance with (1.2)-( 1.4), is given by 
A= [C$+$g] R, 
= (-lVl)R, (2.1) 
where 1 = cn+l) (n+2)-1 > 0 
When v1 > 0 for large t, the divergence becomes negative such that each small volume even- 
tually shrinks to zero as t -+ co. This does not imply that each small volume shrinks to a point, 
it may simply be flattened into a hyperplane. It follows that the volume of the region initially 
enclosed by the surface S of Q shrinks to zero at the rate exp (-I s v1 dt) under the condition 
211 > 0. 
Though this gives useful insight into the solution of the system in (~0, VI,. . . , v,)-space, one is 
interested in the individual behaviour of ~0, VI, . . . , v, as t 4 co. 
2.2. Lyapunov Stability 
Here, we restrict our discussion to systems for n = 1,2, as the study of the system for 
large n is quite difficult. The aim here is to construct a positive (negative) definite function 
UUO,Vl,... , vn), such that its time derivative L is negative (positive) definite function for all 
~O,Vlr...r 21, E R 143. 
CASE I. (n = 1): The system under consideration is 
UOVl iLo=-- 
2 ’ 
61 = -vf. 
(2.2) 
Here, 
L(U0, v1) = $J + vf, 
is a positive definite function for all choices of ~0 and v1 E Iw such that 
&), VI) = 2Uo &J + 2Vl til, 
= -v1 (?A; + 2?$, 
is negative only when v1 > 0. 
(2.3) 
(2.4) 
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CASE II. (n = 2): The third order system is 
uo Vl co = --) 
2 
tii = -T&J 212 - VT, 
ti2 = -3vi Vs. 
We consider a Lyapunov function 
L(u0, VI, 212) = ug + v; + v;. 
(2.5) 
(2.6) 
Clearly, L is positive definite for all uc, vi, v2 E JR and 
&,Vi,V2) = 2Uotie +2vrtii +2212ti2, 
= -vi (u; + 2210 212 + 2~; + Sv;), 
= -vi ((210 + v2)2 + 2v; f 5v,2), (2.7) 
is negative definite under the condition vi > 0. 
For higher order systems, it is difficult to construct a Lyapunov function, however, one can 
think of a simple Lyapunov positive definite function L = uz, so that L = -ui vl is negative 
definite for vi > 0. 
The above discussion on Lyapunov stability makes us conclude that the solution UT 
= (~O,V1,~27~~~,%) T = 0 is an asymptotically stable solution or in other words, us, vl,. . . , 
vn + 0 as t --) co if vi > 0. It is interesting to note that from the solution of the partial differen- 
tial equation (1.6),(1.7), if the initial data 4’(z) > 0 for all z in the given interval [z*, X0], then 
‘~1 > 0 for all t. Earlier numerical studies [5,6] for arbitrary vi also show the above asymptotic 
behaviour. The aim of this study is to consider various initial data where vi > 0, v1 < 0 and 
examine if we can come to any general conclusions. We restrict ourselves to quadratic initial 
data. 
2.3. Quadratic Initial Data 
Consider the system (1.2)-(1.4) with the given initial data as a quadratic expression in z 
U(GO) = 4(x) = 
1+Az+Bz2, Ic* <x<o, 1, o x > 0, x < x+, (2.8a) 
such that 
~~(0) = 1; vi(O) = A; vz(0) = B; ~~(0) = 0, 3IjSn. (2.8b) 
Let 
T = (AIt; 
then the equations remain unchanged, but the initial conditions reduce to: 
uo(0) = 1; al(o) = fl; &(O) = ;5; f&(O) = 0, 31jIn, (2.8~) 
where k = $I$. 
If one of the roots of 4(z) = 1 f z + i kx2 = 0, say x*, is negative the initial value of u 
is positive in (x*,0). As we are interested in studying solutions with confined initial data, we 
restrict our attention to those functions @(xc), which have a negative root zr* of 4(z) = 0. 
CASE I. Si(0) = 1 then 1 + zr + 2 kx2 = 0 ==+ x = & (-1 f di?%). 
(i) For k > 0: The two roots are real and negative provided k 5 i. Initial value of u is 
positive in (& (-1 + Ji?G),O). 
(ii) For k < 0: One root is positive and one negative. Initial value of u is positive in (& (-1 + 
Jm), 0). 
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(i) 
(ii) 
R. RAVINDRAN et al. 
II. al(O) = -1 then 1 - z + 2 ,4x2 = 0 ==+ z = & (1 f di?j%). 
For k > 0: The two roots are real provided k 5 i. In this case, both roots are positive, 
this is of no interest. 
For k < 0: One root is positive and the other negative. Initial value of u is positive in 
(& (1+ &=YE),O). 
For a detailed analytical discussion, we have taken the third order system (2.5) given initially 
at t = 0, us = 1, ~1 = fl and 02 = 2 k. From (2.5) 
dv2 6~2 
Fi&=Ag + 
212 = cu;, if 01 # 0. 
Initial data gives C = $k. Therefore, 
dvl 
- = -;ku; _$, 
dt 
dvl 
i&)= 
2(; ku; + VT) 
> 
uo Vl 
and 
i.e., 
depending on whether vr is initially 1 or -1. We note the following 
(1) 02 = 9 k I.L~ + 02 is nonzero so long as us is nonzero and v2 retains the same sign as k 
for all t. 
(2) VI = 0 * 240 = 0 or ui = 1 - i. 
The equation for ue is given by 
For a given initial quadratic data, three cases are of interest: 
CASE I (i). vi(O) = 1; 0 < k < + then 
and integrating both sides with ue(0) = 1, we have 
s 1Uo (1 _ kF;$)3,2 = 8 t’ 
(2.9) 
The right-hand side of (2.9) is finite for finite t and % < 0, so long as uc lies between 0 and 1. 
So, ua decreases and as t + co, the left-hand side of (2.9) must approach a singularity. Starting 
from ue = 1 and t = 0 and noting that 1 - k + kui remains positive for 0 < k 5 4, 0 < ug < 1, 
we require ue --+ 0 as t 4 co. 
CASE I (ii). vi(O) = 1; k < 0. Let k = -m, m > 0, then 
for ue > 0 and us < ((1 +m)/m) 3’2 That is ue will decrease from the initial value 1 and the . 
quantity 1 + m - mue3 will remain positive. is in Case I (i), us ~Oast--tco. 
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CASE II (ii). ~~(0) = -1; k < 0. Let k = -m, m > 0, then 
for u. > 0 and ua < (( 1 + m)/m)3’2 (> 1). Starting from ue = 1, ‘110 will increase and 
wr =-u; JYTGGZj<o. 
Let (m + 1)/m = a3, a > 1 so that 
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has a solution given by 
.I 
uo 
duo ~- = 
1 Z&j JGO- a2 + au0 + ui 
Jmt. (2.10) 
As t increases, ue must increase from 1 and reach “a” at some finite time. If not as t --+ 00, there 
is no singular point on the left-hand side of (2.10). Close to wi = 0, ua < a 
2(a - 2~0)~‘~ - 
&a4 
= Jm(i - to), 
where to is the time at which wr = 0. As t crosses to, ~1 crosses through the value zero and its 
sign changes from negative to positive. So, for t > to, ~1 > 0 and 
duo 
dt=- u; Ja, 
which is nonnegative, Jl+m-mu~>_Oand,asinCaseI(i),ua-+Oast-+oo. 
Figure 1 plots uc vs. wr for different values of k for Cases I (i) and I (ii). The exact solution has 
not been plotted as it coincides completely with the approximate solution in these cases. This 
is not true in Case II (ii) where exact and approximate solutions are plotted in Figure 2(a)-(c). 
In both these figures, the range of values of t is from 0 to 20. This is due to the fact that in 
Case II (ii), the equations become a “stiff’ set. Close to that value oft, where ~1 vanishes, there 
are two different scales of the independent variable t on which the dependent variables TJ~, i = 1,2 
are changing. Small round off and truncation error close to 2rl = 0 influence the solution. 
2.4. Solution through Series 
This sub-section deals with the series solution for small t by considering the above mentioned 
third order system, equation (2.5), with the same initial data (2.8~). Setting 
uo = 
i=o 
N-l 
01 = c Ali ti, and 
i=O 
N-2 
212 = 
c ‘1 
Aai tZ 
i=O 
(2.11a) 
(2.11b) 
(2.11c) 
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Figure 1. UIJ vs. ~1 for different values of k-Cases I (i), I (ii). 
1.0 
1.9 
1.0 
0.5 
"1 0.0 
-0.5 
-1.0 
-1.5 
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 
UO 
(a) k = -0.5. 
Figure 2. uo vs. ~1 for different values of k-Comparison of II (ii) and exact. 
New Theory of Shock Dynamics 97 
1.5 
1.0 
0.5 
VI 0.0 
-0.5 
-1.c 
-l.! 
,- 
l- 
j- 
1.5 
1.0 
0.5 
1 0.0 
-05 
-1.0 
-1.5 
0.0 0.2 0.4 0.6 0.8 1.0 
UO 
(b) k = -2. 
1.2 
I I I I I 1 
0.0 0.2 0.4 
0.6 0.8 1.0 1.2 
UO 
(c) k = -5. 
Figure 2 (continued). uo vs. zll for different values of k-Comparison of II (ii) and 
exact. 
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we have from (2.5), 
1 j-1 
j&j = -5 C Alm&,(j-l-m), j=2,3,4 N, 7.“) (2.12a) 
m=O 
j-l 
j Alj = - C (A2mAO,(j-1-m) + AlmA~,(j-l-m)), j=2,3,4 ,..., N-l, (2.12b) 
m=O 
and 
j-l 
j A2j = -3 C Aim A2,(j-l-m), j=2,3,4 ,..., N-2. (2.12c) 
m=O 
Setting N = 6, we can find expression for Aoi’s for i = 3,4,5,6; Ali’s for i = 1,2,3,4,5 and 
Azi’s for i = 1,2,3,4 in terms of cq = Aol/Aoo and ~2 = Aoz/Aoo. Thus, we finally have 
AI0 = -2~11 
A11 = --4Ct2 + 2o: 
Al2 = -6~s + 6al o2 - 2a; 
A13 = -8~4 + 8~~1~3 - SLY: CQ + 4~; + ICY: 
A14 = -10~‘s + 10ar a4 - lOa; a3 - 1Ocq a; + 10a2 a3 + loa; a2 - 2~~7 
Al5 = -i2@ + 12ar (~5 $ 12a2 ~4 - 12~~; a4 - 24cq o2 cr3 + 12~; o3 - 12a’: cy2 
+ 18~: o; + 6o; - 4a; + 2a;, 
(2.13) 
Aoo AzO = 4~22 - 6af 
AOO A21 = 120s - 32~~~ a2 + 18~: 
Aoo A22 = 24a4 - 60~ a3 + 102~1’4 a2 - 32a; - 36~~‘: 
Aoo A23 = 4Oa5 - 96al a4 + 162a: a3 + 168~x1 a; - 104a2 a3 - 232~; a2 + 60~~: 
(2.14) 
Aoo A24 = 60% - 140% a5 - 152% ~4 + 234~: a4 + 492cq a2 a3 - 336~1; a3 
+ 440~1’: a2 - 516~~: a; - 78~~; + 84~~; - 90& 
where 
A03 14 9 a3=-= - cqcY2 - -ai 
Aoo 3 2 
A04 41 
a4 = 72 9 -=44ala3---a:cr2+-a2+-a’: 
Aoo 4 3 2 
A05 18 171 48 22 77 9 ayg=-=- 
Aoo 5 
ala4--a::a3---crlcr~+-a2(Yg+-(Y~cr2---_~ 
20 5 5 5 2 
(2.15) 
A06 10 62 15 35 67 61 
(Y6=-=-~~~5+--2CYq--a~~q--~1~Z~S+--~~3-_-_~(U2 
Aoo 3 15 2 2 5 3 
219 2 2 11 16 
+yJq(Y,+ycr z 
g 6 -ycx +p ; 
cq and (~2 are computed from the initial data. 
For the initial conditions (2.8c), we have constructed the diagonal Pade approximants [7] for 
the series (2.11) and it is interesting to note that the diagonal Pad6 approximant of order [2/2] 
for the series (2.11b) gives comparable results with the exact solution. These results have been 
shown in Figures 3 and 4 with 01 vs. t plots for various values of k. 
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(a) k = -0.5. 
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Figure 3. Comparison of (2/2],,1 Pad6 approximants ((2/2]) with ul-exact (Exact)- 
Case I (ii). 
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Figure 4. Comparison of (2/2]ul Pad6 approximants ([2/2]) with VI-exact (Exact)-- 
Case II (ii). 
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(2.16) 
2.5. Special Solutions 
Here, we look for exact 
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solution of the NTSD system of the form Ai/@ such that 
Ao Ai A* 
UrJ = 5; vi = F;...;vn = 5 
Taking A0 # 0 and substituting (2.16) in (1.2)-(1.4), we finally arrive at the following: 
Pj = j - (j - l)Po, forj=1,2,3 ,..., n, (2.17a) 
Ai = 200, (2.17b) 
A,“&+1 = 200 (1 - 2Po) P,+1 fn+l@O), n=2,3,..., (2.17~) 
where 
Pn+l = (nT1)!. (2.18a) 
and f,+i(pc) is given by the recurrence relation 
f,+l@0) = (n - Pn + 1) PO) &MO> - PO (1 - WO) 
xqn;y fj(PO) fn+l-j(PO), n = 2,3,. . . , (2.18b) 
j=2 
with fz(fls) = 1 and f,+r(pc) is a polynomial in PO of order n - 1. 
The dependence on 0s is clearly seen from equation (2.17) and the values of /?ls, i = 1,2,. . . , n, 
and A@, i = 1,2,. . . , n can be obtained in terms of PO. For the NTSD system for a given n by 
setting A,+1 = 0 in (2.17c), one can get the nonzero values of PO other than PO = f, by finding 
the roots of f,+i(fls) = 0. It is interesting to note that all (n - 1) roots of fn+i(fls) = 0 are real 
and positive. Roots for n = 2,3,. . . ,9, are shown in Figure 5. 
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Figure 5. Roots of fn+l(flo) = 0. 
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(a) k = 0.25; Case I (i). 
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(b) k = -2; Case I (ii). 
Figure 6. v1 vs. t-Comparison of exact solution with special solutions for various k. 
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Figure 6 (continued). ~1 vs. t-Comparison of exact solution with special solutions 
for various k. 
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As special cases, let us consider 
(i) n = 2 SO that fa(&) = 2 - 7p0 = 0 ti PO = 5. The two possible solutions are: 
(a) PO = i --r. A1 = 1; /31 = 1; AZ = 0. 
(b) ,L$, = 5 * PI = 1; A1 = $ and AZ can be obtained in terms of Ao. 
(ii) n = 3 so that fd(j30) = 6 - 47/?0 + 82& = 0 gives 001 = 0.38124 and ,f?oz = 0.19192 and 
we have, 
(a) ,& = i ==+ ,L31 = 1; @J = 4; AI = 1; A2 = 0; A3 = 0. 
(b) PO = POI, Paz * PI = 1; Al = W301,Woz; P2 = (2 - Pol),(z -Po2); A2 and A3 can 
be found in terms of AD. 
In general, one solution is always DO = 3; Al = 1; A2 = 0;. . . ; A, = 0 and the other solution 
is obtained by the roots of f,+l(/!?o) = 0. In Figure 6, the exact solution of ~1 vs. t is plotted 
and compared with special solutions given by ,&I, Do2 and ,& = $ in the case n = 3. 
3. CONCLUDING REMARKS 
The long time behaviour of the solution for a system of equations arising from the new theory 
of shock dynamics is studied in detail for the case n = 3 with confined quadratic initial data. All 
solutions vanish as t -+ 00. The approximate solutions coincide with the exact ones so long as ~1 
is positive initially. In case initial ~1 is negative, as t increases, ~1 passes through the value 0 and 
the system becomes a stiff set of equations. Here, errors add on and the approximate solution 
differs from the exact one. A discussion of Pad6 approximants and certain special exact solutions 
completes the investigation. Since it is the analytic solution behind the shock that is of interest 
to us, the results for the case n = 3 with quadratic initial conditions could be expected to hold 
for all n and all sufficiently smooth initial conditions. 
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